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Rationalising the Denominator

Things to remember:

e To rationalise the denominator, find an equivalent fraction where the denominator is rational
e Multiply the numerator and denominator by the surd that is a factor of the denominator
e For a denominator in the form a + b+/c, multiply the numerator and denominator by a — bv/c

Questions:

1. a)  Expand and simplify (2 + 5v3)(2 — 5v3)

»(!2 +5r3

2 | 4 yio§3

_s(3|-10§3  -7S

T
(2)
b) Rationalise the denominator 1:\/‘/;
(l + (23r3 - \E 4 \re
24353 6
Sz +J6
©
()
(Total 4 marks)
V5-7

2. Rationalise and simplify NI

Give your answer in the form a + b\/5 where a and b are integers.

(§s-7XIS-0 _ 5-Js-72Is+7 _ 12-8%8Js

(63« (XIS 1) > “

(Total 3 marks)
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5423
can be written as 4 — V3

3. Show that

2+/3
(5+25sX2-58) _ \o-sSS344f3-¢
(2 + fS)(Z -'5/35-5 “ -3
......... & =Sz
(Total 3 marks)
3v3+3

4, Show that can be written as V3

3+/3

(3634398 _ af3-a+9-303 _ o3
(3+3)3-03) 4-3% .

(Total 3 marks)

1 . V2
5. Show that 5 can be written as —
1z 3
V2
\ s 2
S _ T~
( \
(ﬁ*ﬁ)(?}'fﬂ — 1 -2
- _t . _3
§z 2
_ 2
>t
- 262 342
T (Total 3 marks)
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6.

2 .
Show that —— can be written as 3 — /3

=+1
= 2 213
I3 — < Z ﬁ/—ﬁ Z’ZB;,E_
\ L - .
(ﬁ*‘)(ﬁ"> Lol 3 s
I RTS3
. b +6JT - x4\ B
253 b
= - J3

(Total 3 marks)

The area of a rectangle V125 cm?

The length of the rectangle is (2 +/5) cm
Calculate the width of the rectangle.

Express your answer in the form a + bv/5 where a and b are integers.
Sfé(/l’dfs5 - 1ofs - 25 2S —10J<
<2 P EY2-535) 4 -5

(Total 4 marks)
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Algebraic Proof

Things to remember:

Start by expanding the brackets, then factorise.
Remember the following:
o 2n —> even number
o 2n+1 - odd number
o a(bn+ c) > multiple of a
o Consecutive numbers are numbers that appear one after the other.

Questions:

1.

In a list of three consecutive positive integers, at least one of the numbers is even and one
of the numbers is a multiple of 3

n is a positive integer greater than 1

Prove that n® — n is a multiple of 6 for all possible values of n

(\1/ A = N (hz’ '3

= n(n*l)(n*‘) E D o s cnbiue Ay

2 s ¢ fecdr of Ao Ak S s ¢ (eceor -

6 1S eloo & fec o nl-n S o M}‘“(dv( o 6‘

(Total 2 marks)

Prove that (2n + 3)? — (2n — 3)? is a multiple of 8 for all positive integer values of n

LY(\L,\,\ZAA—%"((*AZ-IZA*C\B :ZL(,/\ - %(2(\\

Sy~ < 1S < FAC@() O Q/K(Dre—g&'of\ ‘S o AR O, 8

(Total 3 marks)
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3. Prove algebraically that (2n + 1)? — (2n + 1) is an even number for all positive integer
values of n

T
Q(\ZJ/C[—(\*}"Z/\—" :Lt'ﬂl»l"Z('\ -'*2(2/‘ "’f\\
Si~Ce 2 S - M‘D’l Do O/;—@TAG\ 2/><.f>r—€,85:©/\ s

c\bvocu::},) Qoren .

(Total 3 marks)

4. Prove algebraically that the difference between the squares of any two consecutive integers
is equal to the sum of these two integers.

Arntl = 20+

T

(nw)’—,n’“:n“*%af\ —A = 2+

e ddgiSVC’/\LJL e YA Ct Sgeer o o~ b—o

conSNecAsUR L‘n‘cefy/‘s Ty eqeet o e s o Ceaae

oo (f\‘ce@s?fs

(Total 4 marks)

5. Show that when x is a whole number 7(2x + 1) + 6(x + 3) is always a multiple of 5

G + ) +ox +18 = 2O +2S5 = S;(C+x_$—§§

(Total 3 marks)
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6. Prove that (n — 1)* + n®*+ (n+ 1)* = 3n* + 2

A=A+ FaT+05 32,30 = 3~ L2

(Total 3 marks)

7. The product of two consecutive positive integers is added to the larger of the two
integers.
Prove that the result is always a square number.

(n—}l\%’h(nw\ = A+l + 4~ = A rzArl = (/\—H>\¢

Cor omy inkeqe ~, (4T 1S o sauere covos

(Total 3 marks)
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Upper and Lower Bounds

Things to remember:

e Calculating bounds is the opposite of rounding — they are the limits at which you would
round up instead of down, and vice versa.

UB=UB+ URB UB =UB xXUB UB =UB - LB UB=UB-+LB
LB =LB+ LB LB =LB X LB LB =LB —-URB LB =LB +~UB
Questions:
|4
1. I = E
< Z 2 .
VV = 230 correct to the nearest 5 227.5 v 32-3

R = 3700 correct to the nearest 100 S6So ¢ e VSO
Work out the lower bound for the value of I

Give your answer correct to 3 decimal places.

You must show your working.

(b= LBy = 2%7.S = O. 060666 ...
U 375o

2. The value of p is 4.6
The value of g is 0.7 &
o)

Both p and g are given correct to the nearest 0.1

1
T=p+a

Work out the upper bound for r.
You must show all your working.

. _ ] _
W3, = U, + A oz 4 6s + L 6.8 ¢6...
L& 0.65

(Total 3 marks)
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Ashley travelled from Grantham to Barton

He travelled 220 miles, correct to the nearest 5 miles.

The journey took him 185 minutes, correct to the nearest 5 minutes.
Calculate the lower bound for the average speed of the journey.
Give your answer in miles per hour, correct to 3 significant figures.
You must show all your working.

212.85¢€4d4<¢222.5
1€2-S¢Ee i85

LBy CBL=Ub, = 217.ST (8§25 = 64,6

C )
T
Hows'
................ 6q6 mph
(Total 5 marks)
a is 7.8 cm correct to the nearest mm
b is 5.9 cm correct to the nearest mm a
Calculate the upper bound for ¢ ¢
You must show your working. 5
5.3 ¢bd S.98S
2 —Z (&
U = [(AR) - (€ByY =3 785 - 5.85
- 2.2343500.--
............... 2223 . .....cm

(Total 4 marks)
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Vs

m=—
t

s = 2.67 correct to 3 significant figures
t = 7.834 correct to 4 significant figures
By considering bounds, work out the value of m to a suitable degree of accuracy.
Give a reason for your answer.
2 665 s < 2.678
7. 8¥335 €< 2.¥34S

UL/_’)N:_@:— :52.675: 0.20% 78 & ...
2.%33 S

—_—

B¢

Lo =8 - (2065 =O.228 27 L.

UGB 2.¥34S

M 1S cocfedk o 2 S\'@ﬂi(f\'cw&- P:@w‘es (o boct- A3 o~-d LR

(Total 5 marks)

5—

ay

a =

)

c—
b = 1.25 correct to 3 significant figures

¢ = 8.9 correct to 2 significant figures

d = 4 correct to 1 significant figure

By considering bounds, work out the value of a to a suitable degree of accuracy.
Give a reason for your answer.

1.245<¢ < 1.2S5
€. €8S €c £ §8.945

3.5¢4< 4.5
UB. = S=LBy, = 5-1.24S = ©, 83 2V% - -
(e, B UYgg S ES-.S

S S5- 1.2SS = C.o%71SS-.-

U, -R;y 8&-s -3.S

o~ IS coccek (o ) 3,6.]@6,50, o, e WMJ\
(moer loou~dt-

(Total 5 marks)
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Equations of Circles and their Tangents

Things to remember:

The general equation of a circle is (x — a)? + (y — b)? = r?, where (a, b) is the centre and r

is the radius
To calculate the equation of the tangent:
o Calculate the gradient of the radius of the circle

o Calculate the gradient of the tangent of the circle (they are perpendicular!)
o Substitute the given coordinate and the gradient of the tangent into y = mx + ¢ to

calculate the y-intercept

Questions:

1.

The equation of a circle C, with centre 0, is x* + y* = 100

a) Find the coordinates of the centre 0.

b) Find the radius of C.

Soo

C) Show the point (-8, 6) lies on C.

(-g)'+ 67 64 + 36 7 1OO
CHR = S

. (-f)bﬁ Ces o~ e ke,

A circle C has centre O
The points 4 (0,7) and B (0,—7) lie on the diameter of C.

a) Find the coordinates of the centre 0.

b) Write down the equation of the circle.

Write down the equation of the circle.
12

(1)

(2)
(Total 4 marks)

(1)
(Total 3 marks)
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-5 5 x
5
e, A St =T
'Ef)otal 2 marks)
4, Draw the circle x? + y2 =9
yli
5
4
3
2
1
5 4 >

(Total 2 marks)
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5.

The diagram shows the circle x? + y? = 29 with a tangent at the point (2, 5)

y
\ )
0 "X
a) Find the gradient of the line OP.
=N
................... 2
1)
b) Find the gradient of the tangent
-2
= SR
1)
C) Find the equation of the tangent
us = — ?‘ >~ T (Z) S)
S =- £ 4 Yo
S 2
2 -c
S
2z 22
OO 7 W SRR P SRS
(2)

(Total 4 marks)
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A circle has the equation x> + y2 =5

a) Write down the coordinates of the centre of the circle.

b) Write down the exact length of the radius of the circle.

P is the point (1,—2) on the circle x? + y* =5

C) Work out the equation of the tangent to the circle at P.

Codie~t OF (aduy & -2 = - 2
)

1

—_—

Cedet ob Conget 5

x +C (/)-—2\

15

(4)
(Total 6 marks)
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Quadratic and Other Sequences

Things to remember:

e Fibonacci sequences are where you add the previous two terms to get to the next term
e (Geometric sequences have a common ratio, ie. the term-to-term rule is to multiply by a

constant

e To calculate the n'" term of a quadratic sequence:

Calculate the first difference
Calculate the second difference

Compare the original sequence to an?
Calculate the n'" term of the difference
Write the quadratic n™ term

oukwnNpE

Questions:
1. Here are the first five terms of a sequence.
2 8 18 32 50

X6 Yo +ig +HI¥ + 2z
a) Find the next term of this sequence.

The nth term of a different sequence is 3n? — 6

b) Work out the 5th term of this sequence.

SxSL-G

2. A sequence has the first four terms

3 12 48 192
x&G %G ~&

a) Find the common ratio for this sequence.

b) Find the next term in the sequence.

| &2 <« &

16

Work out the n? coefficient by dividing the second difference by 2

(1)
(Total 2 marks)

1)
................. 298
1)
(Total 2 marks)
Contents o



Here are the first six terms of a Fibonacci sequence.
I 2 3 G S ¢

1 1 2 3 5 8

The rule to continue a Fibonacci sequence is, the next term in the sequence is the sum of
the two previous terms.

a) Find the 9th term of this sequence.

2 g D)
\
e 3% .
(1)
The first three terms of a different Fibonacci sequence are
a b a+b
b) Show that the 6th term of this sequence is 3a + 5b
G ar 2h
g*\" D 2a r 31:>
6™ . 3a + Sk
2)
Given that the 3rd term is 7 and the 6th term is 29,
C) find the value of a and the value of b
Al = 7 > RLBa+ 36 =2
Za +Skb=29 _ e +Se725
-25=-%
L= &
b= - & =3
G oo, S
b= e 0
(3)

(Total 6 marks)
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4.

5.

Here are the first three terms of a geometric sequence.

Find the positive value of x

4 X 2x + 12
?9c+)2 = >
>¢ &
T
C>x +&% =~ X
o aoz~ ¥ =< "C'l’g
o < (34—'?-)(3‘4/@)

~ =12 or <

Here are the first 5 terms of a quadratic sequence.

T 1 3 7 13 21

»1 xS +6 + €

(Total 4 marks)

+ 1 rT + C
Find an expression, in terms of n, for the n'" term of this quadratic sequence.

T

2=2<)1 ..o

- T T 2

1

’@; [ 4 9 I  2s
T - O -1 -1 -3 - &
B @1 - -2 -3 - & -

D

18

(Total 3 marks)
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6. This expression can be used to generate a sequence of numbers: n? —n + 11

a) Work out the first three terms of this sequence.

R B O B 1
z-u_ 2+ (V= 1S
| | .
T _ 3 41 2 1 ..... Y ERERL T P Jeeeretiunaaaaas
> @
b) Show that this expression does not only generate prime numbers.
ISR A T
not e~"%
(2)
(Total 4 marks)
7. A quadratic sequence starts
-8 2 16 34
4o + o Ly
& >4
a) Show that the n'" term is 2n? + 4n — 14
T
¢+2:=2 o 2
T -5 2 16 k4"’
_ (ZD 2 g | g 32
N, - - (O —6 - 2
- @:) o & |2 V6
-4 -4 -4 -G

2/77—‘-1" (k(\"IL’f

(4)
b) Hence find the term that has value 272
20T 4%A -l =202
2, +6~-286-= O

A= -4 2 §G — 4 < 2~ 25—
T =
(2)
~ =)l o~ —13 (Total 6 marks)
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Functions — Inverse and Composite

Things to remember:

y = f(x) means that y is a function of x

f(a) means the value of x is a, so substitute x with a

The graph of the inverse is the reflection of the graph in the line y = x
We find the inverse function by putting the original function equal to y and rearranging to

make x the subject

We use the notation f~1(x) for the inverse function

When a function is followed by another, the result is a composite function

fg(x) means do g first, followed by f

Questions:

1.

Given that f(x) = 2x — 3 find:
a)  f(5)

2(s)-3
b f(-3)

2(-3) -3

Giventhat f(x) =2x—4and g(x) =3x+5

a) Find gf (3)
5((@:3(2(3)«@
:3(2)
= 3(?> + S

b) Work out an expression for f~1(x)
ax - ’ZLQ -4
<:) = =+ 4

—

2

C) Solve f(x) = g(x)
2> -G = S+ S
— A= =

The function f is such that f(x) = 4x — 1
20

(1)
(Total 2 marks)

(2)
(Total 6 marks)

Contents o



5.

a) Find f~1(x)

x = G-
u) - >4 |
< ' o+ )
A 2 W R
2)
The function g is such that g(x) = kx? where k is a constant.
Given that fg(2) = 12
b) Work out the value of k ok - | Py
bl - | =
= Ll
fq(2) = £(4kx) o - 13
- G(4k) - .oz
= )bk -\ 1
A
k=........ L,
(2)

(Total 4 marks)

f(x) =3x2—-2x—8
Express f(x + 2) in the form ax? + bx

Z(ac+2\i- 2(56 +2)—8
z(xl*trx 'fq) - 2% -4« — &

-

Roe F 12 + 12 = 20 =172

(f

Txt + 10O

I

(Total 3 marks)

Given that f(x) =x? —17and g(x) = x + 3
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a) Work out an expression for f~1(x)

sz vy =\ 7

U:‘Dc—klj

2)
b) Work out an expression for g7 (x)
o~ \-3‘\'3
DTS
.......... ’KXB-x—
2)
c) Solve f~1(x) = g 1(x)
(;Z:TT5 = o< —3
3¢_+l"3<=($c-—3>1
O: —35,7',63( +4a - x —\
O = =~ D> —%
o= x<- g Xa=+ 1)
xS oo =\
(4)

(Total 8 marks)

6. The functions f and g are such that f(x) =1 —5x and g(x) =1+ 5x
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a) Show that gf (1) = —19

o FO) = o(1-S()

: 3(*“)
= [+ S(-%)
= -4
.......... L
(2)
b) Prove that f~1(x) + g~1(x) = 0 for all values of x
S R T
S S
- # >=<-1 = | _ o 4= -) =0
S S s
3)

(Total 5 marks)
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Given that f(x) = 3x + 1 and g(x) = x?
a) Find fg(x)
L o) = (="

= Z(xiB‘)’(

........ Bt
)
b) Work out an expression for gf (x)
3(1(15 = 3 (Sbc—k l)
= (Sx-rl\z
~ qaxt +6x+ |

........ S exl
(2)

c) Solve fg(x) = gf (x)
2.+ 2 Ax"t+ 63 4 |
O = buz“’é)C—
O = bx (UC‘“\

(3)
(Total 7 marks)
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Graphs of Trigonometric

Functions

Things to remember:

The graph of y =sin 8

The graph of y = cos 8

The graph of y = tan 8

] 270 780, v 90 T80 270, E=
E

y

2

E

The graph of has a maximum value of
1 and a minimumvalue of -1.

The graph has a period of 360°. This
means that it repeats itself every 360°.

The graph of has a maximum value of
1 and a minimumvalue of -1.

The graph has a period of 360°.

This graph has a period of 180°.

Questions:

1.
y

-~

Sketch the graph of y = cosx° for 0 < x < 360

25

I | I
90 180

v

360

(Total 2 marks)
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2.

Sketch the graph of y = tanx° for 0 < x < 360

y

-~

(Total 2 marks)

90 80 270 60
Sketch the graph of y = sinx® for 0 < x < 360
y
I I |
0 0 0 270 60

—

26

(Total 2 marks)
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4.

Here is a sketch of the curve y = sinx® for 0 < x < 360
VA

¢\

Given that sin 30° = %Write down the value of:

i) sin 150° e
................... o,
ii) sin 330°
L
2

(Total 2 marks)

Here is a sketch of the curve y = cos x° for 0 < x < 360

YA
1

0.5

N /
4

1
Use the graph to find estimates of the solutions, in the interval 0 < x < 360, of the equation:

i) cosx =—0.3

i) 4cosx =3

codSw = = 2= 367, 3247

(Total 4 marks)
27 Contents o



Expanding Triple Brackets

Things to remember:

e Expand one pair of brackets first, then simplify, then multiply by the third set of brackets
e Make sure you collect like terms together carefully, looking out for negative numbers

Questions:

1. Expand and simplify (x + 1)(x + 3)(x + 4)

-~ T rs + 3

= x° ¥ Ge® + 3x

& pGxt Hlox + 12

2. Expand and simplify (x — 2)(x + 4)(x + 1)

>
X | D¢ + 2> - ¥
> | x> ¥ 2x7 _ gx
41 ’Jc?— +— 22 — &

28

(Total 3 marks)

(Total 3 marks)
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3.

Expand and simplify (2x + 1)(x — 2)?

x| x° T +
x| 257 —Fxt =
|~ —G%x + %

23 -5 " 1y + @

(Total 3 marks)

Show that (2x + 1)(3x — 2)(x + 1) = 6x3 + 5x? — 3x — 2 for all values of x

T
154 ébc — -2
—)" *6%1 — o< — 2

(Total 3 marks)

Show that (2x + 3)(x — 4)(5x + 2) = 10x3 — 21x2 — 70x — 24 for all values of x

29

— - 12

_2Sx" —60Ox
— (O - 2<%

(Total 3 marks)
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6. Given (ax + 1)(x —3)(x + b) = 2x3 —3x2 —8x —3
Find a and b

+x —Sax =3
‘l’I'L ——Sc’b(.\- —"gx
45 | alboe ¥ b o< — Rl = — 35

C\D<_tS +’<O~b-r—( —3633-1-('(5'345—‘33?4 -3Ib

0\:3 lo:"\

(Total 4 marks)

7. Given (x + a)?(x —2) = x3 + bx? + 12x — 72

Find a and b~
< ‘DCZ b 2e=> ¥
x j:,g b 2ax” 4t =<
-2 |—2x" _becx - 2c°
_Z2at =72 ~fha =2
1 -
- 36 (/\"_6
= & or =6

(Total 4 marks)
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lteration

Things to remember:

e Approximate solutions to more complex equations can be found using a process called
iteration. Iteration means repeatedly carrying out a process

e To solve an equation using iteration, start with an initial value and substitute this into the
equation to obtain a new value, then use the new value for the next substitution, and so on

e You might need to rearrange the equation first to obtain an iterative formula

e To show that there is a solution between two values, substitute them into the original
equation. One answer will be positive and the other will be negative

Questions:

. 9
1. using x,,1 =3+ )

Find the values of x;, x, and x;

Dc\::i*‘s”?_

(Total 3 marks)

5

2. USing Xn+1 = m

W|th xO == 1
Find the values of x;, x, and x;

XL = o, (2SS
o= 1086 (3d0).
X3 = ceennn. .. 1529 .. <Bd‘|os

(Total 3 marks)
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a) Show that the equation 2x3 — x2 — 3 = 0 has a solution between x = 1 and x = 2
2(1)3—'(/)1-3 = -7
2023~y -3 = 9
CL\c\Asc oF sign~ dicekes solukion bebon
X o XFL

(2)

b) Show that the equation 2x3 — x? — 3 = 0 can be rearranged to give x = 2x3_1

DC,Z/ZDL—‘» = S

5o b = 3
25— |
> = 3
2 o< - |

1)
C) Starting with x, = 1, use the iteration formula x,, ., = 2x3 - twice to find an estimate
/ .

for the solutionto 2x3 —x2 -3 =0

3

([Llo339s...

(l

2,

(l

DCz

(3)
(Total 6 marks)
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a) Show that the equation x3 + 4x = 1 has a solution between x = 0 and x = 1

)c?*@x—l‘iO
O% ¢ (o) =1 = — |
12+ () = &

waﬁa o, sign L dccleas ST ON e e~

i

S = = odr = = |

(2)
b) Show that the equation x* + 4x = 1 can be rearranged to give x = %— %3
3
GCx = | - x
3
> = | — =
G
Y = ’l_ _ D;S
“ <
C)

1)
3

Starting with x, = 0, use the iteration formula x,,,,; = - ’% twice to find an estimate
for the solution to x3 + 4x = 1

>, = ©O.2S

~,° O. 246023 ...

3
(Total 6 marks)
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5.

uUsing x,41 = =3 — izwith xXo = —3.5

Xn

a) Find the values of x;, x, and x;

3)
b) Explain the relationship between the values of x,, x, and x; and the equation
X+3x*4+2=0
....... u\,DCZMO(DézfQP’CQW‘OCfQQBtC’@(jM(’Q
..... ocen/etse  solbaioom. bo mor Bx H 2. 2D
(2)

(Total 5 marks)
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Nonlinear Simultaneous Equations

Things to remember:

1. Substitute the linear equation into the nonlinear equation
2. Rearrange so it equals 0
3. Factorise and solve for the first variable (remember there will be two solutions)
4. Substitute the first solutions to solve for the second variable
5. Express the solution as a pair of coordinates where the graphs intersect
Questions:
1. Solve the simultaneous equations:
2
x>+ y*=17 % ¥ (Dc-S\) - 12 =
y=x—3 . _
w1*1~b1+c)"7 =<
25— b — % =O
~° -3~ -« = O
(DL — (e ‘> =O
D = O o == = —I
U Z>-3% 9= > -
-~ 4 -3 = -(=3

(Total 5 marks)
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2.

36

Solve the simultaneous equations:

x“+y =20
3x=2-y
= 2-3>¢
X| X -7
Sy | S=* (o«
VG| baex  — %

2T+ (2-3x) -20 7O
=T 1+ G —12x +9> 20 = O

IO%—Z———lQ.DL‘-’]b - O

S -6 - ¢

- O

(S:c +¢r)(y,a) = O

<

{1

(!
{
ni€

o
2 -3 O
2.‘!‘ ?

22

)

=2
- 2-3x
-2 -6
= -4

(Total 5 marks)
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3.

37

Solve the simultaneous equations:

x*+y? =20
2x+y=3 Loi S -2

Give your answers correct to 3 significant figures.

~* + (3—23¢.>_L’20

= O
T+ 9 - [2x +&% — 2D OO
S — 125 =11 = O
~ <= |2 = \(L—((—YSX’“
| O
> = 3.1\ (A s =-0O.208
4\?:3/21 (J:-g‘zbk
_:3_‘2@ :3”28
z —3.22 = 4.%2
(.11

, - 3.22)

0\/\&

(» 0.70%, &4, &)

(Total 5 marks)
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4.

Solve the simultaneous equations:

2x*—y* =14
3x+2y=3

Give your answers correct to 3 significant figures.

< 3
2—-;)(

9 =

th — (iz "Ez_bc)i' 16 =0

S EE L
Gt _ A 1§ tax" 56 =9
\7342’—-133*’- — 65 0

S
= 2. 56 (A) < =-l.so (®
9% 5 97 ==
-5 -3 -5-%8
= —2.33% = 3.7%

(Total 5 marks)
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5.

Find the coordinates of the points where the line x + 5y = 37and the curve y = x? + x + 2

meet.
ﬁ = 37 -

Y

T)—o< = S~ + S=>< + 10O

== “;‘ > =-S5
= 3) - =374
xj kS =< Y S
S >
= 126
e - ¥
A

39

(Total 5 marks)

Contents o



6. Show that the line y = 5x — 3 is a tangent to the curve y = x? + x + 1

Sox—3 = x“+x + |

O —.)al"qx*q
o = (-2)"

@Pz&kaoq /FQQQ{)( e oD or*-j O~

So(/\/‘k‘- oNn ‘. (10\/\50/»‘(,

(Total 5 marks)
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Quadratic Inequalities

Things to remember:
e Start by solving the quadratic as if it were an equation
e Sketch the graph to determine whether you are interested in the part above the x-axis (> 0)

or below (< 0)
e Write the inequality or inequalities clearly!

Questions:

1. Solve x? > 3x + 4

i \] 7
(< =) we+1) >0 "\]\/‘*

(Total 3 marks)

2. Solve the inequality x? > 3(x + 6)

P W

LSS, . x 2.6
(Total 4 marks)
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3. Work out the integer values that satisfy 2x? — 10x + 10 < 0

= S=x+S <O

X:g'g‘g &d 3(_”)035(\\07-“-
1.3 3.6
2 nd S
(Total 4 marks)
4. Find the set of values of x for which x? —2x —24 <0and 12 -5x>x+9
12 = Sx > x 1 (3 —&)(x+4) €O
3 2 bx
L2 \ /
e \ G
& x> <6

(Total 6 marks)

42 Contents o



The width of a rectangular field is x metres.

The length of the field is 30 m longer than the width.
The perimeter of the field is less than 500 m

The area of the field is greater than 4000 m?

Find the possible values of x

P: Lo+ 6O < S=o=

G~ < GO
< L 1O

A < /D(—\’3O\)-4+OOO>O

* T+ 3D > - wO > O

~ > as £ - lagth.

43

x + 3O

L

SO<C = < 1O

(Total 6 marks)
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Circle Theorems Proof

Things to remember:

e Usually you just need to apply the circle theorems but sometimes you need to prove them
e You will need to learn these proofs for your final exams

Questions:
1. A, B and C are points on the circumference of a circle, ‘ B
centre 0
Prove that angle AOC is twice the size of angle ABC
You must not use any circle theorems in your proof.
VA =4 N =]
e AOR ==  od GBOCT Q)
ey = o -
ARS | 8O - > C
2
n A
cR> = | O - A
2
A = +
AQec = | §O - =

(Total 4 marks)
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A, B and C are points on the circumference of a circle,
centre O

AOC is a diameter of the circle.
Prove that angle ABC is 90°
You must not use any circle theorems in your proof
e Seraglte Cne.
ﬁaC = 2 AQRC since a,»@c,u;

ol G Onere oxe PUCIAN P\

&

Olets k,L,.zAQ o~—a_ b e craor~lberenee .

. Age- Ao

A, B, C and D are points on the circumference of a circle,
centre O

Prove that angle ABD and angle ACD are equal.
Lk ARD = =" od ACD=4"
Since gy ok Ge crlers ok
Joddn ek Booy e ok Gos
e~

ABD= 2= - 29 . ==y’

45

(Total 4 marks)

(Total 2 marks)
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A, B, C and D are points on the circumference of a circle,
centre O

Prove that angle ABC and angle ADC add to 180°
~ - A -
(k AGE ™=~ ADC =
= 3O
Ae O, 2=+ 29

S =c4q = I8O

(Total 4 marks)

A, B and C are points on the circumference
of a circle, centre O

' A

DCE is a tangent to the circle.

Prove that angle BCE and angle BAC are

equal.

> < B
ngc RCec = ==
Ta~n OCR = ORQc =90 - =
/\ o
COR = 2=
C E

Since ongr et e ere D

doo WMM%&EM

AN
e, RAac = =x

Rce = EAacC

(Total 4 marks)
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Congruent Triangles Proof

Things to remember:

To prove two triangles are congruent, you need to prove three properties are the same
using angle rules:

3.5cm 6cm 6cm dcm 3.50m dcm
78° ‘
4cm 4cm

3.5cm 3.5cm
side — side — side side — angle — side

5cm 5cm
47°\ 4cm 4cm
\78° 47° 78°
4cm

4cm
angle — side — angle right angle — hypotenuse — side

Questions:

1. ABCD is a parallelogram

Prove that triangle ABC is congruent to triangle BCD

B/ H C
A L /_ D
A,@ = CD %bwsz Op‘oos\.h_ s des OP [ Pwa(MCos ra/~
"\O\.\
6C = Ab Ibe couse a::gposc <
p(é\(,f F—\f)c

ov—¢& 6&99'( ‘

Sde - ol - s poes COrgOTET

(Total 3 marks)
47
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2.

The diagram shows a rhombus PQRS
The diagonals intersect at T
Prove triangles PQT and RST are congruent.

PR<= RS becc—= ooE=Stee Sides o o eadlbgaevn

o _@\:\c_(,
QRT=TS % Ye s A egoneld oFf <« ‘owo-kMC—osfm
CPT =TR seclt eccl. odsr

< Ae -sicke - sde proves c;:r\f)(\/\w

(Total 3 marks)

ABC is an equilateral triangle. B
D lies on AC

AC is perpendicular to BD
Prove ABD is congruent to BCD

AR = BC since = sidks, of

O 6{:\CL‘-‘<‘U°\\ (’;f\“mbu_

are aa==l .

ADE=8Bc 7 907 4 D ¢
QD s sleredt by ooldn ErangCs-

2”‘6\’& _%\L _ BLOOOQM -~ sidk=z proed Cong (il

(Total 3 marks)
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4, In the diagram, the lines CE and DF intersect at G
CD and FE are parallel and CD = FE
Prove that triangles CDG and EFG are congruent.

C

O‘)= €cc oD (’_DLA v~ 1&/&5(‘53/\.

— .
> e =Cec % e oikes ~ekC ang@d =

Q”DC. CC<

Proge - sihe - omglt (romms SN

(Total 3 marks)

5. A and C are points on a circle, centre O
AB and BC are tangents to the circle.
Prove that triangle ABO is congruent to triangle BCO

é:c;/\SO-\K JOPRPY < S et as Ao

Ol S sbaovedt b3
OCAac = ORc =90° becowa =
(.

AL = RC beces= E,an.swx\’_s bo « E=k e e

(Z{é}nk""‘:)u' _ L\UPQW - svdke Proue) c—Q/\SW@’

(Total 3 marks)
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6. ABC is an isosceles triangle in which AC = BC
D and E are points on BC and AC such that CE = CD
Prove triangles ACD and BCE are congruent.

C

A .
cCD S sbeved b9 ook Ehangls:

eC=CD As &l A qeescan:
AC =<6

%\\aLQ - mbLL’ side QO Cs_af(,a N+

(Total 3 marks)
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Vector Proof

Things to remember:

Use the letters given in the question

Going against the arrow is a negative

They can be manipulated similarly to algebra

Start by planning and CLEARLY WRITING your chosen route using vector notation, then
substitute vectors as you find them

If two vectors are parallel, one will be a scalar multiple of the other

Questions:

1.

ABCD is a trapezium

A > B

2a

D C

AB and DC are parallel
DC = 3AB

a) Work out the vector DC in terms of a and b

................. Sh,
. (2)
b) Work out the vector BC in terms of a and b
Give your answer in its simplest form.

Qe - BA + AD +

= —b -2« t+3 1
.......... QIQ_ZQ
(2)

(Total 3 marks)
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2. DFG is a straight line.
DE =2aand EF = 3b

D G

2a 3b

E

a) Write down the vector DF in terms of a and b

e oS
1)
DF: FG=2:3
b) Work out the vector DG in terms of a and b
Give your answer in its simplest form.
—
G = / 2= + 39)
1S
..... Set. 2.9 ..
(2)

(Total 3 marks)
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04 = 5a and OB = 3b

C is the pointsuchthat 0OC : CA=4:1
M is the midpoint of AB

D is the point such that OB : OD =3 : 4

0 > D
3b B b
Show that €, M and D are on the same straight line.
> | — | =
CHh =35 oa+ 7 AR
)
- oy 2 (3559
3 3
= zlo -z &
- 3 )
= —_ b_
2 (<)
—) 4 ) —
CoD = < AO + OD
= _Gea+bb
- 4o 2

Sirce (b-a) S o oo F‘icw o~ C (S <

/L/\Q
SLered Eox&, gﬁﬁa&‘b ae o~ E& Sovr—=

&m@% Cee.

(Total 5 marks)
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The diagram shows a parallelogram.

04 = 2a and OB = 2b

D is the pointon OC suchthatOD : DC=2: 1

E is the midpoint of BC

Show that A, D and E are on the same straight line.

A C

0 > B
2b
- - ) =
AD = AC + T CO
s 2% ¥ é(-?a-zbj
T 3b-%e
2
-2 (26 -a)
— - L

D
\
(0 (ol
N D
o N
~ 4
~\- ~I
i N
N %
>

(!

PASTIN

S (e <iﬂo~—%> 1S & cor«nﬂcr~—ﬁ;oeiy— P\ A s

N dovedh POC('\(’-, Q)D crd £ o< o K. Sar—=a

Skﬁaépk Co~s s

(Total 5 marks)
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Velocity-Time Graphs

Things to remember:

e Acceleration and deceleration are given by the gradient of the graph (—)

Velocity is speed with direction

rise
run

The distance travelled is given by the area under the graph

Questions:

1.

Below is the sketch of a speed time graph for a cyclist moving on a straight road for 7

seconds.

v(ms™1) 4

B l-===mmeaa o

G
®)

0 3

a) Work out the acceleration for the first 3 seconds.

Aeccleras o~ = 5(7,&&‘%& = ~ASsa

———

(%2

b) Calculate the total distance covered by the cyclist.

©  2(2+353 =10.S~
@ xS = 2o

Tekel T1O .Sy RO

55

\ 4

7
t (s)

=3

S
................... l e eeeitiiiiiinie...MS?
2)
............... SO-S . m
(2)

(Total 4 marks)

Contents o



2.

The graph shows the speed of a bicycle between two houses.
Calculate the distance between the two houses.
Speed 4
(m/s)

A\ 4

0 80 92

Time (t secs)

}L((DgMZ)S/ = 64O

(Total 2 marks)

Here is a speed-time graph for a train journey between 2 stations.

Speed 4
Mm/$)  polee |
0 30 90 T ’
Time
(t secs)
The train travelled 2 km in T seconds.
Work out the value of T
]
;(TJr 60)20 = 2000
T +60 = 200
T = kO
T= i) SO

(Total 3 marks)
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4.

Here is a speed-time graph.

A

5
Speed
(m/s)

4 —_ E——

4'
> 4
V.
3
'l'
l,/
2
/
/
| /
™. \ s
- )
1] oy
0 >
0 | 2 3 4 5

Time (t secs)

a) Use 3 strips of equal width to find an estimate for the distance travelled in the first 3
seconds.
@3 ’}zx ]« 21 = 1.OS

@ 2(2.1+23.)x\ =27
O %(3A5+3:6>K| = 3.6

b) Is your answer to (a) an underestimate or an overestimate of the actual distance?
Give a reason for your answer

(1)
(Total 4 marks)
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5.

Here is a speed-time graph.

b)

58

A
50 v \\
L ”
Speed ARy TN
(m/s) 7 di N
ay/4 \
40 //
/ \ \
2/ \
// \
/
/
30 ,;/ W\
\
20
V}
7
f/
4 : I
10 ’ — ) —
N /AP = ( )] Vilam
|, \ — / =
/
0L >
0 2 4 6 8 10

Time (t secs)

Work out an estimate for the acceleration when t = 2

nse o usS
con &

.......................................... ms2
. . . (2)
Use 5 strips of equal width to find an estimate for the distance travelled in 10
seconds.
OF ':L x2I)x7 = 27
@D 5 x(2+rau)x27 7
D L xfeursYx2e ks
@ ¢ L x(soren)x2793 B m
_ 3)
S "5 v(<r3+2o3>&2‘ o3 4 (Total 5 marks)
3% ¥
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Histograms

Things to remember:

The frequency is given by the area of each bar rather than its height

Frequency = frequency density x class width

The y-axis will always be labelled “frequency density”

The x-axis will have a continuous scale

To estimate values from a histogram, you'll need to assume the data is evenly distributed
within each class interval and find fractions of areas of bars

Questions:
1. The table shows times taken by 70 people to complete a task.
Time (t seconds) Frequency Freq. dan:
0<t<?2 10 S
2<t<4 12 6
4<t<6 18 |
6<t<10 16 G
10 <t <14 8 2
14<t<20 6 (

On the grid, draw a histogram for the information in the table.

3
Crex” 7D oo
()yybﬁ
<
o
o
..
u
5
.
\ -

Time (s)

(Total 3 marks)
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The table shows the masses of 42 people in kilograms.
Mass (m kilograms) Frequency Crea. dan.
40 <m <50 4 O. &«
50<m <60 7 o .77
60<m<70 13 (» 3
70<m <85 12 o.¥
85 <m <100 3 o-2
100 <m < 120 3 O.1S
On the grid, draw a histogram for the information in the table
r 3
Q(‘L/MS
B
SUANY
(I

|.0

o

0.6

0.4
0.1
60 80 100 120

40

Mass (m kilograms)

(Total 3 marks)
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3.

The table shows information about the time, in seconds, taken for some people to run a 100

metre race.
Time (s seconds) Frequency CM. Pry
10<s <12 6 3
12<s<13 21 |
13<s<14 23 23
14 <s<16 & 2 Z |
16 <s<20 8 2
a) Use the information on the table to complete the histogram.
2
r 3
25
20
'S
\O
S
10 12 14 16 18 20
Time (s)
b) Use the table to complete the histogram.
2)

61

(Total 4 marks)
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4.

The table shows information about the weight of 60 pigs.

a)

b)

62

Time (s seconds) Frequency Freq - .
60 <w<75 9 O.6
75 <w < 85 16 . &
85 <w <90 25 =
90 <w <110 10 o.S

On the grid, draw a histogram for the information in the table

-

o

60 70 80

Find an estimate for the median.

§S + £t of S

90 100 110
T
Weight (w kilograms)

S o G 3

?5 ...................... kg

(2)
(Total 5 marks)
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5.

The histogram shows information about the weight of sheep.

r

Frequency
density

>

50 60 70 80 90 100

Weight (w kilograms)
30 sheep weigh between 50 and 65 kg.

a) Work out an estimate for the number of sheep which weigh more than 80 kg.

L of 4o s

................ SS
3
b) Explain why your answer to part a is only an estimate.
LLE L assunnas e enen A s hab e ok Sheson .
el gech cless anerosl ]

(Total 4 marks)
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6.

The histogram shows information about the speeds, in miles per hour, that cars
travelled along a road. The speed limit is 60 mph.

s

7

Frequency
density

n~nS

0 10 20 30 40 50 60 70 80 90

Speed (miles per hour)

Work out the percentage of cars that were under the speed limit of 60 mph.

| 2O +66+ )T

< O
= = +66 + D2 + 12

(Total 3 marks)
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Venn Diagrams

Things to remember:

A B The intersection is where two sets overlap.
AnB
This means A and B.
A B If you put two sets together, you get the union.
AUB
This means 4 or B.
A B The complement of A is the region that is not A.
A’
This means not A.
Questions:
1. Here is a Venn diagram.
€
C D
7 11

Write down the numbers that are in set:

a) D
b) cCubD
C) (o

65

08, 9
1)
...... \/Lr/g/e.lc\.
1)
........... o2l
1)

(Total 3 marks)
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2.

Here is a Venn diagram.

€

12

A number is chosen at random.

a) Write down P(A n B)

b) Write down P(A" U B") g
e S
(2)

C) Write down P(B | A) -
................... S,
(2)

(Total 6 marks)
{1,2,3,4,5,6,7,8,9,10}
{multiples of 2}
B ={2,6}
B =1{1,2,3,4,6,8,9,10}

g:
A=
AN
AU

Draw a Venn diagram for this information.

(Total 4 marks)
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The universal set contains the whole numbers 1 to n

n is an even number greater than 100
O is the set of odd numbers

P is the set of prime numbers

S is the set of square numbers

a)

b)

67

Explain why there are no numbersin P n §

1)
How many numbers are there in 0 U P? Circle your answer.
Z-1 z Z+1 n
2 2 2
T\
A ocd
O\Ad Y 2 i
(1)

(Total 2 marks)
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Exponential Growth and Decay

Things to remember:

Exponential graphs are in the formy = k*ory = k™*

y = k* graphs increase in value

y = k™* graphs decrease in value

Exponential growth and decay questions are modelled on these graphs in a real-life context
The working out will be similar to that of compound interest and depreciation questions

Questions:

1.

Bacteria can multiply at an alarming rate when each bacteria splits into two new cells, thus
doubling.

If we start with only one bacterium which can double every hour, how many bacteria will we
have by the end of one day?

[Xlzq

6 O 26

(Total 3 marks)

An adult takes 400 mg of ibuprofen.
Each hour, the amount of ibuprofen in the person’s system decreases by about 29%.
How much ibuprofen is left after 6 hours?

QOOVO._NG =S|, 240 113 SO ...

S 1. 2% g

(Total 3 marks)
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The number of bacteria in a petri dish grew exponentially.
There were 500 in the original bacterial population.

After 5 hours, the number increased to 121 500.
Calculate how many bacteria there were after 8 hours.

Sf\Zzl SO X
SO0

SDOXZ%

R 250 T

(Total 4 marks)

In 2016, there were 10 000 electric cars in the United Kingdom.

In 2019, there were 150 000 electric cars.
The percentage increase of electric cars, year on year is the same.
Assuming the percentage increase remains the same, how many electric cars would you

expect there to be in 20217

SISO OO9 - 5 w6 ..
|1 O OO

S < >qq ...
lO 0o % 2.466... < A2 330299

(Total 5 marks)
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A sunflower grows 12% taller each week.
Currently the sunflower is 80 cm tall.
Dave estimates the height after 5 weeks using the following calculation:

12% of 80 cm is 9.6 cm
5x9.6cm=48cm
So the plantis 80 cm + 48 cm = 128 cm

a) Is Dave’s estimate an over-estimate or under-estimate?
You must give a reason for your answer.

b) What is the actual height of the Sunflower after 5 weeks?
Give your answer correct to the nearest millimetre.

OX [L12° = |40 .9¢873 ...

............... \ %D em

(2)
(Total 4 marks)

A virus on a computer is causing errors.
An antivirus program is run to remove these errors.
An estimate for the number of errors at the end of t hours is 106 x 27¢

a) Work out an estimate for the number of errors on the computer at the end of 3
hours.

o6 x2 7= 1525

b) Explain whether the number of errors on this computer ever reaches zero.

(1)
(Total 3 marks)
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The population, P, of an island t years after January 1st 2016 is given by this formula:
P = 4200 x 1.04¢

a) What was the population of the island on January 1st 20167

b) Explain how you know that the population is increasing.

C) What is the annual percentage increase in the population?
.................... -
d) Work out the population of the island on January 1st 2021.

oo < . .ogS = S1IO9, 942

(2)
(Total 5 marks)

71 Contents o



Converting Recurring Decimals to Fractions

Things to remember:

e Dot notation is used with recurring decimals. The dot above the number shows which
numbers recur, for example 0.57 is equal to 0.57777... and 0.27 is equal to 0.272727...

e When 1 digit recurs, multiply by 10 so that the recurring digits after the decimal point keep
the same place value

e When 2 digits recur, multiply by 100 so that the recurring digits after the decimal point keep

the same place value
e Similarly, when 3 digits recur multiply by 1000 and so on

Questions:
. , . ; , 4
1. Prove algebraically that the recurring decimal 0.4 can be written as 5
1O oc = &. & & & .
. X = O. 4% &% & ...
S = &
> = i
6}
(Total 2 marks)
: . . . : 5
2. Prove algebraically that the recurring decimal 0.45 can be written as 1
OO s = &35.4G63% S .
D99 = &S
= = &S = S
34 v
(Total 3 marks)
. _ _ . _ 7
3. Prove algebraically that the recurring decimal 0.23 can be written as 30

1O = 2.3 3 3 3...
_3@70-2333..-

9> = |

2.
> = 2.1 =21 =2
C\

—

S0 So

(Total 3 marks)
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4.

5.

6.

Write 0.18 as a fraction in its simplest form.

__x:o‘(%gg"'

A = 1.0

(Total 2 marks)

. 8
Prove algebraically that the recurring decimal 0.216 can be written as 37

OO =< = 216 .21 6216 ...

— = = O 206 216 ...
994 > = 216
x = 216 = D2 = 29 = %
999 333 fed 37

(Total 2 marks)

Write 0.354 as a fraction in its simplest form

OO0 >x = 3S.6S %S¢, .

- x> = O.3ISYSG ...
99> = 3S .}
~ 35,1 =3S) = 39
29 255 L
39
) 1O

(Total 3 marks)
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Work out 0.54 x 0.5

\OO o = T .S S¢...
— < = O.S%¥S¢... ——cq‘—o~SSS-..
99> = S« a'jl

- =
x =Sc-6 S
a9 ()
A
K s - e
l 2 <3
3

(Total 4 marks)

Work out 0.39 + 0.63
\OQ,J = 63.63683 ...

IO x = 39.39349...
- D¢ = 0.3338 ... — 9= o. 6363 ...
%‘)Dc - 34’ 9‘7(3: 63

LO:@S :Z
DC :3_%:[3 -c,: W
99 S3
'3 . 2 g3 A _ 3
_— T s —  x = —
33 I 3z ) l
3
(3
2 (

(Total 4 marks)
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Useful websites:

www.piximaths.co.uk

www.mathswatchvle.com

WWW.corbettmaths.com
www.mymaths.co.uk

www.drfrost.com

www.bbc.co.uk/schools/gcsebitesize
/maths

Remember: Do your best;
it is all you can do ©
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